Abstract. We introduce generalized almost contact structures which admit the B-field transformations on odd dimensional manifolds. We provide definition of generalized Sasakain structures from the view point of the generalized almost contact structures. We obtain a generalized Sasakian structure on a non-compact manifold which does not arise as a pair of ordinary Sasakian structures. However we show that a generalized Sasakian structure on compact 3-dimensional manifold is equivalent to a pair of Sasakian structures with the same metric. Finally we extend a definition of a generalized almost contact structure.
introduction
Both generalized complex structures and generalized Kähler structures are structures on even dimensional manifolds. It is natural to ask what is an analog of generalized geometry on odd dimensional manifolds. Vaisman introduced generalized F-structures and generalized almost contact structures [8, 9] . He also defined generalized Sasakian structures from the view point of generalized Kähler structures. Poon and Wade studied integrability conditions of generalized almost contact structures and gave nontrivial examples on the three-dimensional Heisenberg group and its cocompact quotients [7] . Vaisman showed that a generalized Sasakian structure appears as a pair of almost contact structures [8] . However, examples of generalized Sasakian structures which do not arise as a pair of Sasakian structures were not known.
The purpose of this paper is to investigate generalized geometry on odd dimensional manifolds. We introduce the new notion of generalized almost contact structures which includes the one in [8] , [7] as special cases. We use two sections E + and E − of T M ⊕ T * M to define generalized almost contact structures which admit B-field transformations naturally. An almost contact structure is a triple (ϕ, ξ, η), where ϕ is an endomorphism of T M , ξ ∈ T M and η ∈ T * M which satisfies
where id denotes the identity map of T M . An almost contact structure gives rises to an almost complex structure I on the cone C(M ) = M × R >0 ,
where r denotes the coordinate on R >0 . We define a generalized almost contact structure to be a triple (Φ, E + , E − ) by replacing ϕ by an endomorphism Φ of T M ⊕ T * M and ξ, η by sections E + , E − of T M ⊕ T * M , respectively which satisfy Φ + Φ * = 0, 2 E + , E − = 1, E ± , E ± = 0, Φ • Φ = −id + E + ⊗ E − + E − ⊗ E + 2010 Mathematics Subject Classification. 53D18, 53D10.
(see Definition 3.1 for more detail). By an analogue to the case of almost contact structures, we define bundle endomorphisms to construct generalized complex structures on the cone C(M ). Putting
it follows that
is generalized almost complex structure on C(M ). In Sasakian geometry, the Riemannian cone metricg = dr 2 + r 2 g on C(M ) is, by definition, a Kähler metric. This suggests that
is more important generalized almost complex structures rather than Φ+Ψ(E + , E − ) when we pursue an analogy of Sasakian geometry, where R denotes an element of the special orthogonal group SO(T M ⊕ T * M ) given by
From the view point of generalized almost contact structures, we define a generalized Sasakian structure. We show that on a compact connected 3-dimensional manifold a generalized Sasakian structure is equivalent to a pair of Sasakian structures with the same metric (Theorem 4.10). We obtain a non-compact example of a generalized Sasakian structure which does not arise as a pair of Sasakian structures (Theorem 4.11).
Finally we introduce an extended definition of generalized almost contact structure. Although generalized almost contact structures admit B-field transformations, generalized almost complex structures R(Φ + Ψ(E + , E − ))R −1 don't admit B-field transformations by 2-forms 2rdr ∧ κ (κ ∈ T * M ). To admit B-field transformations on cone, we define a generalized f -almost contact structure. Then we can naturally define two transformations of generalized f -almost contact structures. One is a correspondence with B-field transformations on cone. We show that the other is a correspondence with a cross term of generalized Riemannian metric on cone.
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generalized complex structures
In this section we give a brief explanation of generalized complex structures. Let M be an even dimensional smooth manifold. The space of sections of the vector bundle T M ⊕ T * M → M is endowed with the following R-bilienar operations.
• A symmetric bilinear form −, − is defined by
• The Courant bracket −, − is a skew-symmetric bracket,
where X, Y ∈ T M and α, β ∈ T * M .
A subbundle is Courant involutive if the space of sections of the subbundle is closed under the Courant bracket. Definition 2.1. [4] A generalized almost complex structure on M is an endomorphism of the direct sum T M ⊕ T * M which satisfies two conditions,
The following are well known.
Then the following three conditions are equivalent:
• L is Courant involutive,
• Jac | L = 0, where Nij and Jac are given by
Let B be a smooth 2-form. Then the invertible bundle map given by exponentiating B, 
Let C + be a positive definite subbundle of T M ⊕T * M and C − a negative definite subbundle with respect to the inner product which are given by
The projection from C ± to T M , J 1 induces two almost complex structures J ± on T M . If both (g, J + ) and (g, J − ) are Hermitian structures, (g, J ± ) is called a bi-Hermitian structure.
Theorem 2.7.
[4] A generalized Kähler structure (J 1 , J 2 ) is equivalent to biHermitian structure (g, b, J ± ) which satisfies the following condition.
• For all vector fields X, Y, Z,
where
generalized almost contact structures
An almost contact structure on an odd dimensional manifold M is a triple (ϕ, ξ, η), where ϕ is an endomorphism of T M , ξ is a vector field, and η is a 1-form which satisfies
We replace ϕ by an endomorphism Φ of T M ⊕ T * M and ξ, η by sections E ± of T M ⊕ T * M respectively. We define a generalized almost contact structure:
Let E ± = ξ ± + η ± where ξ ± are vector fields and η ± are 1-forms. Then we have
Remark 3.2. Vaisman, Poon and Wade discussed the restrictive case of ξ − = η + = 0 [7, 8, 9] . However, their definition is not compatible with the B-field transformations. Note that a generalized almost contact structure of Definition 3.1 satisfies the condition of generalized F -structure [9] .
Example 3.3.
[7] Let (ϕ, ξ, η) be an almost contact structure. Then we have a generalized almost contact structure by setting
everywhere on M . A 1-form η is called a contact 1-form. Then there is a unique vector field ξ satisfying the two conditions
This vector field is called the Reeb field of the contact form η. Since η is a contact 1-form, the map
is an isomorphism from the tangent bundle to the cotangent bundle. We define a bivector field π by
Then we have a generalized almost contact structure by setting
Lemma 3.5. Let (Φ, E ± ) be a generalized almost contact structure. Then we have the following identities, Φ(E ± ) = 0
Proof. Since Φ + Φ * = 0, we have
Thus it follows that
We also obtain
From (3.1) and (3.2), we have ΦE + = 0. Similarly, we have ΦE − = 0.
By a simple calculation, we get Lemma 3.6. Let (Φ, E ± ) be a generalized almost contact structure and B a smooth 2-form. Then (e B Φe −B , e B E ± ) is a generalized almost contact structure.
By Definition 3.1, we have
Thus Φ has three eigenvalues, namely 0,
, where L E± are line bundles generated by E ± = ξ ± + η ± , respectively. We define
Then E (1,0) is + √ −1-eigenbundle and E (0,1) is − √ −1-eigenbundle. We consider the following four different complex vector bundles,
The next lemma corresponds to Lemma 2.3 in [7] Lemma 3.7.
Proof. Let A, B are sections of E (1, 0) . By our definition, we have A, E ± = 0. It follows from Φ + Φ * = 0 that
Therefore
According to [7] , we define Definition 3.8. Let (Φ, E ± ) be a generalized almost contact structure. If either of L ± is Courant involutive, it is called a generalized contact structure. If both L ± are Courant involutive, it is called a strong generalized contact structure.
An almost contact metric structure on M is (g, ϕ, ξ, η), where (ϕ, ξ, η) is an almost contact structure and g is a Riemannian metric which satisfies
We define a generalized almost contact metric structure:
Definition 3.9. Let (Φ, E ± ) be a generalized almost contact structure.
This definition satisfies the condition of generalized metric F -structure without a signature [9] .
From Definition 3.9 we have that (G, GΦ = ΦG, GE ± = E ∓ ) is also a generalized almost contact metric structure.
generalized Sasakian structure
There is the intriguing correspondence between the geometry on the cone C(M ) = M × R >0 and the geometry on M [2] . In fact, an almost contact structure (ϕ, ξ, η) gives rises to an almost complex structure I on C(M );
where e t = r denotes the coordinate on R >0 . If I is integrable, an almost contact structure is called a normal almost contact structure. Let (Φ, E ± = ξ ± + η ± ) be a generalized almost contact structure on M . we recall a bundle map Ψ :
Then it follows that Φ + Ψ(E + , E − ) are generalized almost complex structures on C(M ).
Proposition 4.1. There is a one-to-one correspondence between generalized almost contact structures (Φ, E ± ) on M and generalized almost complex structures
Proof. Let J be a generalized almost complex structure which satisfies above conditions. Since J = −J * , if L ∂ ∂t J = 0 then we can write
is a generalized almost contact structure.
Φ + Ψ(E + , E − ) is clearly a generalized almost complex structure which satisfies above conditions. The integrability condition of Φ + Ψ(E + , E − ) is given by the following proposition. Proposition 4.2. A generalized almost complex structure Φ+Ψ(E + , E − ) on C(M ) is integrable if and only if a generalized almost contact structure is a strong generalized almost contact structure and E + , E − = 0.
By simple calculations, we have
where X + α ∈ Γ(E (1,0) ). Since E + , E − is a real section, + √ −1-eigenbundle of Φ + Ψ(E + , E − ) is Courant involutive if and only if both L ± are Courant involutive and E + , E − = 0.
Let R be an endomorphism of T M ⊕ T * M given by
Then the adjoints
are also generalized almost complex structures on C(M ). Let g be a Riemannian metric on M . In Sasakian geometry, the Riemannian cone metric on C(M ) is
is more important than Φ+Ψ(E + , E − ) when we consider about Sasakian structures. The integrability condition of R(Φ + Ψ(E + , E − ))R −1 is given by the following theorem. 
is integrable if and only if Nij C(M) | L = 0. Since the + √ −1-eigenbundle L is isotropic, Nij C(M) | L is a trilinear operator. Thus we only need to consider elements in E (1, 0) , E + and E − . Let X + α, Y + β, Z + γ be elements of E (1,0) . Then we have from Definition 3.1
Similarly, we have
Then it follows that
Thus we obtain
. Therefore the integrability condition is given by
An immediate corollary of Theorem 4.3 is
Corollary 4.4. Let (Φ, E ± ) be a generalized almost contact structure. If R(Φ + Ψ(E + , E − ))R −1 is a generalized complex structure on C(M ), then E (1,0) ⊕ L E− is Courant involutive. Therefore (Φ, E ± ) is a generalized contact structure.
Proof. It follows from Theorem 4.3 that
Definition 4.5. Let (Φ, E ± ) be a generalized almost contact structure. If a generalized almost complex structure R(Φ + Ψ(E + , E − ))R −1 is integrable, a generalized almost contact structure is a called normal generalized almost contact structure.
Note that this definition differs from a Vaisman's definition [8] . We define a generalized Sasakian structure in terms of a generalized almost contact metric structure. Definition 4.6. A generalized Sasakian structure on M is a generalized almost contact metric structure (G, Φ, E ± ) such that R(Φ + Ψ(E + , E − ))R −1 and R(GΦ + Ψ(GE + , GE − ))R −1 are generalized complex structures on C(M ).
A generalized Sasakian structure (G, Φ, E ± ) on M induces a generalized Kähler 
show that our definition of generalized Sasakian structures does not admit any B-field transformation. If κ, E ± = 0, there exists a generalized almost contact structure (
is not a generalized almost contact metric structure. More details about transformations by 2-forms 2rdr ∧ κ appear in section 5.
Example 4.8. Let (g, ϕ, ξ, η) be a Sasakian structure. If we set
then (G, Φ, E ± ) becomes a generalized Sasakian structure.
The next theorem corresponds to Theorem 2.7.
Theorem 4.9.
[8] A generalized Sasakian structure on a manifold M is equivalent to a pair (ϕ ± , ξ ± , η ± , g) of normal almost contact metric structures with the same metric g which satisfy the following conditions
where θ = g(·, ϕ) and the upper indices c ± denote
Note that a pair of Sasakian structures with the same metric satisfies these conditions. In the case of a compact connected 3-dimensional manifold, a generalized Sasakian structure is equivalent to a pair of Sasakian structures with the same metric. In fact, we have Theorem 4.10. Let M be a compact connected 3-dimensional manifold. Then a pair (ϕ ± , ξ ± , η ± , g) of normal almost contact metric structures corresponds to a generalized Sasakian structure if and only if both structures are Sasakian.
Proof. A normal almost contact metric structure (ϕ, ξ, η, g) is a Sasakian structure if and only if θ = dη, where θ = g(·, ϕ) (c.f. Definition 6.4.4 and Definition 6.5.13 in [2] ). Thus it is sufficient to show that θ ± = dη ± . Since M is 3-dimensional, we have η + ∧ dL ξ+ θ + = 0.
The inner product by
From (4.2) and Stokes' theorem, we have
Let U be the open set given by
Then U is not empty. It follows from Darboux's theorem that we have local coordinates (x, y, z) such that
Since ι ξ+ θ + = 0, there exits a function f = 0 such that
From (4.1), we have
Let V be the open set given by
We assume that V is not empty. Then we have ξ + = ±ξ − on V . Since ι ξ− θ − = 0, we obtain
where h is a function. From (4.1), we have
Then, from (4.2), we have
Thus it follows that f − 1 = −(h − 1).
Thus, for X, Y ∈ T M , we obtain
Since ϕ 2 ± = −id + η ± ⊗ ξ ± , we have f = 1. However this is a contradiction because ∂f ∂z = 0. Therefore ∂f ∂z = 0 on U , we have L ξ+ θ + = 0 and θ ± = dη ± on U . Since η + ∧ θ + = 0 on M , we have U ⊂ U . Since M is connected and U is not empty, we get U = M and θ ± = dη ± on M .
On a compact 3-dimensional manifold, a generalized Sasakian structure is equivalent to a pair of Sasakian structures. However, there exists a non-compact example which is not a pair of Sasakian structures. where z denotes the coordinate on (0, π/2). Then (g, ±ϕ, ξ, η) are normal almost contact metric structures but not Sasakian structures. On C(M ) = M ′ × (0, π/2) × R >0 , we define complex structures and a metric by
g = r 2 g + dr ⊗ dr.
Then (g, J ± ) is a bi-Hermitian structure and ω ± =g(·, J ± ·) = ±r 2 sin(2z)ω ′ + 2rdr ∧ dz, dω ± = ±2r sin(2z)dr ∧ ω ′ ± 2r 2 cos(2z)dz ∧ ω ′ .
Thus dω ± (J ± ·, J ± ·, J ± ·) = ±2r sin(2z)(rdz) ∧ ω ′ ± 2r 2 cos(2z) − 1 r dr ∧ ω 
